
�����������	�
����������������������������������������� !���"�����#���
$ ������%� &�'� $ �(���� 

♠ )+*�,.-/*10123054505687:9<;�=?>A@CB λ ∈ R @CBEDF=HG?I {z ∈ C | |z19 − 1| = λ} JLKM;ONO=3;
I+>QPSRUT+>1JA>?DFNOV+G5=5>1DANWG C X�Y[Z1>WI+\+N];O^!B�RU>O_`B�PS;aDFB�DAZbBFPMB�TH;W\+cFPMZ1;F@d;O^!Be >bKH>1RU>1VHf(T+B!JAVH;bT+B�f(G?TH=+g+\]@CB 19

√· h
♠ )+*ji'-/*10123054505687'k"V+Bml1;OKH>�lb\�PS;�DAZb\ncATM;o@CG�=?>1T+NOVH;bI+V+\HRUBmV�G�DFKHG5pH;o@CG�>bI3qr NOBmJ�NO>bIH>OKH> r =5>bJ`st\3KH\�RUBmNOV+\+p+=5>1JQu"I+V+>?DFNO>1VH;�st\3KH\nG�DFKHG5pH;o@CG�\+cA>?DFN];OZbv(;Oq
^!;nIHV+BANOIH>1DFN];bZb=5B�>n>bNOZ1>bV+BmT+>1DANO\Muowx=3;O>n\W=?>A@d;�>QPa>1ZbB�PMZ1B`IH>bZbBmcm;bT+>1DANO\�@CB
@d;Op+B�DAZb>F@dDANOZb>Mh�k"V+BAl?;�>1lbVH;bNO\+NO\yIH;O_E^"G�TH;�NO>�PS;�T+GQKHN];�PMBEz{;bRU>bZ?;�=5> e >bq
RU>OKH>1JA\]@d;�st\3KH\�DF\+T+JmGQKM;OV+TM; e >?RU>OKH>1JA\]@d;�\�=5> e >?RU>OKH>1JA\]@d;?uSlbV+>A@C\�=5>1RUI+>1T+BAT+NbB|H}1~��S� I+>1ZbBAcQ;OT+>?DFNO\.h[�(>1RUIH>bT+BmT+NOB�>1lb\+pHT+B�I+>1ZbBAcQ;OT+>?DFNO\�l1V+>F@C\��(B e >1Z1;E=5>Oqe >?RU>OKH>1JA\]@d;�stZ1\5PMBANb\���;OI+>?RUBAT+G��(TH;��b�b�+hUDFNbVH;OT+\Suoh

♠ )+*j�'-/*10123054505687���;�KH\�@CB�=+V+\+Z?; y2 = x2 + x3 JLKM;ONb=5;`RUT+>1JA>1DANOV+G5=5>1DAN1X
♠ )+*��"-/*10123054505687U��;�KH\�DAG�DAZ1;EDFBmp+BA^(;�Z1BA=+NO>1VHDF=5>1J!VM;bDoKM>F@CBA^(;ENOVH;bTHDFZ1BAV3q
cm;OKHTH;`TH;`ZOKM;b=+TH;?X

♠ )+*j�'-/*101230545056875��;�KH\�@CB	Z1BA=+NO>1VHDF=5>�I+>bv!B y ∂
∂x−x ∂

∂y G R2 � ;1RU\3KHNO>1T+>bZ1>?X
♠ )+*j�'-/*10123054505687���;�KH\�T+BA=3;E>QP�>bZ1\ e =+V+\+Z1\ e KMBF_�\nG�@CBoPMTH>F@�VH;OZ1T+\MX
♠ )+*j�'-/*10123054505687'��;EKH\yDFB�=HV+\+ZbB`TH;�DAf(BAVH\ x2 + y2 + z2 = 1 G R3 DABA=+G
I+>QP�\HDANO\HRaG5JLKH>?R�=3;b>�\�^[BmT+B[DFKH\+=5B:I+VH\�DFNOBmV+BA>1JAVH;1f�DF=5>F@UI+V+>A@CBA=+gH\]@C\�stgHBAT3q
NOVH;OKHT+>F@	IHV+>F@CBm=+g+\]@C\�\Hc�N];Op+=5B (0, 0, 1) TM; xy �?VM;OZ1;bTMudXn9<; r NO>�NO>�>bIHVH;OZOPS;OZ?;
PMBmf(\HT+\+g+\]@CGjG?JLKS;�\+cQRUBA�5G�=+V+\HZb\ e G�N];bp+=+\ ∞ \Hc�=5>1RUI+KHBA=3DFTHBy;bTH;]KH\HcABb��	�o�]���5�m  �¢¡b}`£o¤ �S¥]�5¦ £ �¨§ �(©A�!©A�F£1}E} ∞ § �!} �o�O���5�m  �ª¡O}`« �5¦M�]¥]�5¦ ©C¬ � £ � |]¤ �
|]¤<�A©C¬ � £ �O¥O� «�} z 7→ z−1 Xs¯®°N±;�@CB�JmBA>?RUBANOV+\O@dDF=+\²>bIH\HDnNOVH;bTHDAf(>1VHR{;Og+\O@CB
VH;OZ1T+\ z 7→ z−1 I+V+\�DFNbBAV+Bm>bJAVM;bf�DF=5>A@'I+V+>A@CBA=+g+\O@C\�VH;OZ1T+\�TM;`Dmf(BAV+G+X±u

♠ )+*j³'-/*10123054505687	��;b=?>`lb\nJLKM;1DF\+>`>QPMJm>bZb>1V�TH;E\MDFNO>�I+\HN±;b^[B�cQ;`I+V+BmDFKH\+=3;]q
Z1;b^[B

f : R→ R2, f(t) = (t2, t3),

;E=3;O=5>�cQ;`I+V+BmDFKH\+=3;OZ?;O^!B
f : R3 → R2, f(s, t, v) = (st, v)?

♠ )+*j´'-/*10123054505687��(BA=3;�@CB Y = x ∂
∂x + y ∂

∂y + z ∂
∂z h��(BQRUGE@CB[@CBFPMTH;b=�µ�\]@CBmZ\+cAZ1>QP LXζ(X,Y ) w';�p+BmRUGa=5>1Z1;OVH\]@d;OT+NbT+\�\+cmZb>QP ∇Xζ(X,Y ) Ga>QPMTH>1DFGWTH;

µ�BAZ1\5�5�(\+Z1\+N];:=5>bTHBA=3DF\]@CG�\HT5PMG5=5>bZ1;bT+G�DFN];OT3PS;OV1PMT+>?R�z	\MR{;OT+>1Zb>1R�RUBANOV+\H=?>?R
G�¶'G?=+KH\5PSDA=?>?R·I+VH>1DFNb>bV+G+X

♠ )+*�,±¸'-/*b0?2305450?6"7º¹:=5>�@CB�G?DoKH>1Z LXf = LY f \HDFI+G5^!BAT�Dm;bRU>(G�N];OpH=+\ p stcm;DFZ?;O=+G�f(G5T+=Hg+\]@CG f JLKM;ONO=HG�G�T+Bm=5>F@8>1=5>OKH\+TH\�N];OpH=?B p uFw5PS;�KH\n>QPS;bNmKMB!DFKHBoPM\
Xp = Yp X

♠ )+*�,5,.-/*b0?2305450?6"7{��;�KH\�@CB`>bZ?;o@:\+THNOBAJmVH;]K²stT+BmJF;ONO\+Z1TH;1u:I+>bZ1V r \HTH;1X²�(>bq
KH\+=3;�@CB�^[BmJA>1Z1;�ZbV+BFPMT+>1DAN�PSG1_»=+V+\+Z1B r2 = cos 2θ \�=5>A@d;�@CBENO>nI+>1ZbV r \+TH;
cm;`VH;bcFKH\+pH\+NOB�>1V+\]@CBATHN±;bg+\]@CB�>1ZbB!=+V+\+Z1BQX

♠ )+*�,±i'-/*b0?2305450?6"7:¼[I+>bV+BFPM\+NO\·Dm;nIH;OVH=+\+VH;b^[BQR½;±G5NO>?RU>bl1\3KM;�\aNOBA>1V+BmRU>?R
=5>F@d;¾\+cm;¾^!BAJF;²DoKMBoPM\¿sC�mÀbÀMhÁDANOVH;bTH;1uFhÂ��>1=3;Ocm;bNO\j>1Zb>²NOZ1V?�5Bm^[B1��Ã £ ��§ �Ä



Å ÆSÇ.ÆMÈxÉ.Ê±Æ�ÇºÆWË�Ç.Ì<Í1ÌºÎ+ÏSÐ3ÑÓÒÓÌ.Î+ÏSÉ.Ë�ÆnÔ�ÒÓÌ.Ë�Õ3ÇºÏ1ÆÓÐ3É�ÑÓÊ�ÖUÌºË�Æ<×ÓÕ�Ê±ÆMÖxÆ5ÏSÒºÕ
[X,Y ] = 0

�n� £ � ©F} ft, gt Ø �MÙ � �L �� ¤ Ù	�5�m ��n� �F�S�¨¤ � © � � ��¥ �A£b~ � ¤Ó©F£ �?  | �FÚ:�HÛ ��
X,Y ¤Ó� Ø �L (Ü.� � Ø �	§ � ¥ �F£1~ � ¤<©F£ � | �ªÚ � X+Y

� �A�M�Ý¤ �HÞ � Ø �HÙ � �ª �� ¤ Ù	�5�b�A 
ft ◦ gt h�9<; r NO>�>bZ1>�NOZ1V?�5Bm^[B�T+B�Z?;]_�\�l1BAc�I+V+BANbI+>1DAN±;bZb=5B [X,Y ] = 0 sßPS;ONO\
=5>bT+NOVM;OI+V+\MRUBAVMu¢X

♠ )+*�,±�'-/*b0?2305450?6"78¹�=5>�@CB X = (X1(x1, . . . , xn), . . . , Xn(x1, . . . , xn)) Z1BA=3q
NO>bVMDF=5>EI+>Ov(B�G Rn w

divX =
n∑

k=1

∂Xk

∂xk

\ Ω = dx1 ∧ · · · ∧ dxn w+>bT3PS;[@CB
(♣) d(ı(X)Ω) = divX · Ω

sàPM>1=3;Ocm;bNO\ºáâuohäã�>1VHRUGQKM; (♣) DAByRU>b_�ByG?cmBANO\½=3;O>·PMBmf(\+TH\+g+\]@d;·PM\+Z1BAV+JmBAT3q
g+\]@CB�ZbBm=+NO>1VHDF=5>bJ"I+>bv(;[TH; � ¤ �A§ �A�H~ � © � � �¨§ RUT+>1JA>?DFNOV+G5=5>1DANO\�Dm;[f(>1VHRU>1R�>bV+\3q
@CBAT+N];bg+\]@CB Ω hx¼[I+>bVHBoPM\+Nb\�>1Zb>�Dm;!9<;]PS;ONb=?>?RnÀ[TM;[�?�]ÀHhxDFNOVH;bT+\ºh�¼åpHBmRUG�@CB"VH;]q
cFKH\H=5;�\+cmRUBm�5G`>1ZbB�PSZbB�PSBmf(\+T+\Hg+\]@CB�PM\+ZbBmV+JABmT+g+\]@CB±X�æ1BmDFG�KH\�>bT+B:G�THBA=3;O=+Z1>F@
ZbBmcA\Wst\�=3;O=+Z1>F@¢u¢Xnç8\3PMBANO\�9<;]PS;ON];b=��ETH;E�bèH�bhUDFNOVM;OT+\ºh
��>b=3;OcQ;ONO\�f(>bVHRUGQKHG

∫

M

divX · Ω =

∫

∂M

ı(X)ω.

�(>F@d;�f(>1VHRUGQKM;�=3KM;1DF\+pHT+B�;OTM;]KH\+cmB:DFB�PS>blb\O@d;(\+c:>bZ1B:;O=5>�@CB M >blbKM;bDAN(G R3 X
Y[I+\HDm;ONO\�DAZ1; e >OKH>?RU>bVHf(TM;(I+V+BmDFKH\+=3;OZ?;O^(; f : C→ C =5>F@d;�p+G5Z1;o@CG`I+>1ZbV3qr \+THBbh&��;O=5>²>bZb>�RU>b_�ByPS;�DAB·Gb>1I r Nb\½TM; e >OKM>1RU>bVMf(TH;¾I+V+BmDFKH\+=3;OZ?;O^(;

f : Cn → Cn X
♠ )+*�,m�"-/*b0?2305450?6"7�st¼!é(¼[k:ê"k�ç�Y��Óë(cAVM;Op+G5TH;bNO\

LX(divY · Ω) \ LY (divX · Ω)

I+>:µ�;F@ClbT+\+gH>bZb>?R�IHVH;OZ1\3KHG�cQ;�µ�\]@CBmZ:\+cAZ1>QP�\�>QPMG5cA\HR{;b^[BQR�PS>blb\O@CBAT+\ e \+cmVH;OcQ;
\+cAVM;OcA\HNO\�PMBQDFT+G�DANOVH;bT+G`@CBoPMTH;b=5>1DFNb\�=5>F@CGnNOV+Bml1;�PM>b=3;OcQ;ONO\.h!é(V+\MRUBAT+>?R¾PMBFq
f(\+T+\+gH\]@CB (♣) wÓ>1DF>1lb\+TM;�µ�\O@CBAZb>1J�\+cmZb>QPS;E\���;bV+N];OT+>1ZbB�f(>bVMRUGmKMB(PM>b=3;bcm;ONb\
PS;`@CB`PM>1lb\]@CBmT+\�\HcAVH;bc(@CBoPMTH;b=yKHBAZ1>F@!DANOVH;bT+\WNOB(@CBoPMTM;O=5>1DANO\ºhâu���;�KH\�PM>1lb\3q
@CBATH;�f(>1VHRUGQKM;EZ1;O_�\�\ncm;�PS\+ZbBmV+JABmT+g+\]@CG�PMBmf(\+TH\HDA;bT+G�G�9º;±PS;bNO=+G�ÀETH;��?�]ÀMh
DFNOVM;OT+\MX

♠ )+*�,±�'-/*b0?2305450?6"7�¹�=5>�@CB Ω f(>1VHR{;·cQ;OI+VHBmRU\+T+B�\ f JLKM;bNO=3;�f(G5T+=+gH\]@d;+w
PM>b=3;bcm;ONb\�PS;[@CB df(X) · Ω + fdivX · Ω N];Op+TH;Ef(>1VHR{;+h

♠ )+*�,±�'-/*b0?2305450?6"7�¼ìV+B r Bm^8Gy>bZ1>bJEcm;]PS;ONO=3;�=5>bV+\MDFNO\aDFB�\Wk.BA>1V+BmR{;�í�TM;
�mè1î+h�DANOVH;OTH\¾sï;OI+V+>1=3DF\HR{;bg+\]@d;�T+BAI+VHBA=+\5PST+>bJEI+V+BQDoKH\H=5;bZ1;b^!;�JLKM;ONO=H\HR	uoh`��;
=5>1RìRUBQDFNOG+X#YÂ@CBAcmJAV+G�RU>b_�BmRU>·PS;·=3;O_�BmRU>¾DoKHBFPMBAðHBb� π1(M) T+\]@CB1w[; R
@CBmDANOB�=5>1RUG5N];ONO\+Z1TH;�JAV+G5IH;HwºIH;�@CBAcmJAV+>�Dm;±PMV3_�\y=5>1RUG5N];ONO>1V [π1(M), π1(M)] h
é(>bJLKHBFPS;ONb\�À1ñH�bh!\�À1ñ?í3h�DFNbVH;OT+GÓw H1(M) = π1(M)/[π1(M), π1(M)] wºé(>1BAT3q
=3;OV+Bm>bZbG�PMG1;OKHT+>?DFNast=5>F@CGy>1DANOZ1;bV+GQ@CB ∫ u�cQ;nT+B r NO>�I+V+Bmg+\+cmT+\]@C\·>1I+\HD(@CBmcAJAVM;
st=5>F@C\nT+B�RU>b_�B[PS;`lbGmPMB�IH>bNOI+G5T+>EBm=5DAI3KH\+gH\+N];OTncm;`I+V+>1\+cAZ1>Ov(T+G�f(>1VHRUG θ uFh

♠ )+*�,±�'-/*b0?2305450?6"7{¼òZbBmcA\nDA;E>1Zb\HR�w3I+>1JLKHBoPÓ;ONO\n\�9<;±PÓ;ONO=5BE�AÀ`q:�mî`TH;n�±íOèHh
DFNOVM;OT+\ºh

♠ )+*�,±³'-/*b0?2305450?6"7�®°N±;�@CB πn(Sn) Xóé(>bJLKHBFPS;ONb\�À1ñH�bh²\²À1ñ?í3h�DFNOVM;OT+Gå\
kºBm>bV+BQRUG��Q�+hUTH;`À1ñ1�+hUDFNOVH;bT+\ºh'ç"\5PSBANO\nN];O=5>]�5B(9º;±PS;bN±;b=�í`TH;`À?ñbñ+hUDFNbVH;OT+\.h

♠ )+*�,±´'-/*b0?2305450?6"7{é(>bJLKHBFPS;ONb\�À5í3�bhU\�À?í1í3h{DFNOVM;OT+GÓh



ÆSÇ.ÆMÈxÉ.Ê±Æ�ÇºÆWË�Ç.Ì<Í1ÌºÎ+ÏSÐ3ÑÓÒÓÌ.Î+ÏSÉ.Ë�ÆnÔ�ÒÓÌ.Ë�Õ3ÇºÏ1ÆÓÐ3É�ÑÓÊ�ÖUÌºË�Æ<×ÓÕ�Ê±ÆMÖxÆ5ÏSÒºÕ ô
♠ )+*ji5¸'-/*b0?2305450?6"7.Y[l1;:PMBFKS;[RU>1JAG(PS;(DAB"G5VH;]PMB"I+>1RU>1ð+G�DFNbBAI+BmTH;!I+V+BmDFKH\+=3;]q
Z1;b^!;Hh�9<;�PMV+G5JA\�PMBA>[I+>bJLKMBoPS;bNO\ � >bIHf(>1ZbG!NOBA>1V+BmRUG�TM;[�O�?�3h�DFNOVH;bT+\ºhU¹�KHNbBAV3q
TH;ONb\+ZbT+>M�:\+T+NbBAV+I+VHBANO\+VM;ONO\aDFNbBAI+BmT�I+VHBmDoKM\+=3;OZ1;b^!; f : Sn → Sn TH;�@CBAcm\+=+G
^[\MRUB�\+T5PMG5=5>bZ?;OT+>1J	I+V+BQDoKH\+=3;bZ1;O^(; f∗ : πn(Sn)→ πn(Sn) s¯>bZOPMB"DAB8=5>1V+\HDFNb\
DFI+Bmg+\Hf(\+pHT+>1DAN(DA\+NOG?;Og+\]@CB�G�=?>A@C>F@M@CB:RUT+>bJm>1DFNbV+G5=?>?DFN!TH;(=5>F@C>A@xI+>?DAR{;ONbVH;bRU> f
DAf(BmVH;+w3=5>F@d;EDAB�@d;OZOv�;`G�PMZ1B�GQKH>bJmBb�{=3;O>ERUT+>bJm>1DANOV+G5=5>1DFNETH;`=5>F@C>A@x@CB!PSBmf(\+T3q
\HDA;bT+>·I+VHBmDoKM\+=3;OZ1;b^[B�pH\]@C\jDFNbBAI+BmT�VH;OpHG?TM;bRU>a\�=3;O>·;OKM;ONaG�PMBQf(\+T+\+g+\O@C\
JAV+G5I+B πn uFh'��;`KM\�>bZ1;F@"cQ;±PS;bN];O=�RU>O_`B!PS;�DFB�G5VH;]PM\�\�I+>?RU>bð+G�µ�Bmf r BAg+>1ZbBNOBA>1V+BmRUB±X

♠ )+*jiÓ,.-/*b0?2305450?6"7º9<; r NO>8@CB ∧ PM>bl1V+>�PMBmf(\+TH\HDA;bT+>!RUTH>O_�Bm^[B�G(PSB�z{;1RU>bZ1>F@
=5> e >1RU>bKH>bJm\]@C\MXõ®°N];y@CBaG e >1RU>OKM>bJA\O@C\�PMG?;]KHTH>¾>1Zb>A@�>bIHBAVH;bg+\]@C\öGj=5> e >bq
RU>OKH>1JA\]@C\SXåY[Zb>(@CB�G�DAG r NO\+T+\�cQ;±PS;bN];O=�\+c�é(>1BAT+=3;bV+BA>1ZbB[PMG1;OKHT+>?DFNO\�\�NbBA>Oq
V+\]@CB�IHV+BmDABA=3;+h

♠ )+*ji5i'-/*b0?2305450?6"7���;nKM\aI+>1DANO>F@C\WPS\Hf(BA>?RU>bVHf(\+cQ;bR÷\+cmRUBm�5G�>1Z1;�PMZ1;�NO>Oq
V+G3DA;y=5>F@C\åp+G5Z1;yz	\HR{;bT+>bZ1B�RUBANbV+\+=5B�\+T5PMG5=5>bZ?;OT+B�z	\HR{;bT+>bZ1\HRRUBmNOV+\+=3;bR{;
\+c�;1RUlb\]@CBmT+NOT+\ e ¶	G5=3KH\3PSDF=+\ e I+V+>?DFNO>1VH;1X���;�KH\nI+>1DANO>F@C\�PS\Hf(BA>?RU>bVHf(\+cQ;bR
\+cmRUBm�5G�>1Z1;�PMZ1;�NO>1V+G3DA;n=5>F@C\apHG?Z?;�I+>bZ1V r \+THB�\aI+>QPW=5>A@C\HR½G1DoKM>bZb\MR{;ys¯No@Fh
\+cmRUBm�5G�=3;b=+Zb\ e NO>1V+G1Dm;�I+>?DFNO>A@C\MudX¾��;±PÓ;�I+>1DANO>F@C\ e >OKM>1RU>bVMf(T+\�PM\Hf(Bm>1RU>bV+q
f(\+cm;1Rø\+cmRUBm�5G�PSZ1;aNO>1V+G1Dm; C/a1Z ⊕ b1Z \ C/a2Z ⊕ b2Z w:G²>QPMT+>1DAGåTM;=5>1RUI3KHBm=3DFT+G�DFNOV+G5=+NbG?VHG�TH;1DoKHBm�?BmT+G�\+c C X���;±PS;`I+>?DFNO>A@C\�PS\Hf(BA>?RU>bVHf(\+cQ;bR
\+cmRUBm�5G�PMZ?;�Nb>bV+G?DA;�=?>A@C\`@CB e >OKM>1RU>bVMf�;OT�\np+G5Z1;`I+>1ZbV r \+T+B±X

♠ )+*ji5�'-/*b0?2305450?6"7x��>b=3;OcQ;ONO\�PS;[@CB�f(>bVMR{;
ω =

n+1∑

k=1

(−1)k−1xkdx1 ∧ · · · ∧ d̂xk ∧ · · · ∧ dxn+1

\+T+Z?;OV+\]@d;bT+NOTH;�Ga>QPMT+>?DFGyTH;�I+V+BmDFKH\+=3;OZ?;O^!B x 7→ −x I+V+>1DANO>bVM; Rn+1 ;O=5>
@CB n THBAIH;bVH;OTnlbVH>F@Fh	ë(cAZ1BmDANO\ncm;O=+v"G5pH;b=�>E>1V+\]@CBATHN±;blb\3KMT+>1DANO\nV+Bm;OKHT+\ e I+V+>Oq
@CBA=+Nb\+ZbT+\ e I+V+>1DANO>bVM;�T+BmIH;OV+THB�PM\HRUBmT+cA\O@CBbhW®�N];�@CBnDA;�>bV+\]@CBmT+N];Ol1\3KHT+> r ð+G
V+Bm;OKHT+\ e I+V+>A@CBA=+NO\HZbT+\ e I+V+>?DFNO>1VH;`IH;OV+THB�PS\HRUBAT+cm\]@CBQX

♠ )+*ji1�"-/*b0?2305450?6"7[�(\H^[BmT+\+g+\WPÓ;�cm;bI+V+BQRU\+TH;E@CBFPM\+T+\+pHT+B�KM>bI+NOB�VH;bDANOB�PS>
>QPMV+Bm�?BmT+BnPM\MRUBAT+cm\]@CBbw�;·I+>bNO>?Rø>bIH;]PS;W\�NOBA_�\�T+GQKH\ºw:TH\]@CB�KM;b=5>yPS;ONO\jJABFq
>1RUBmNOV+\]@dDA=?>�>1lF@d; r ^!BA^!Bbh	k"\HR¾I+V+B r NO>(@CB�DoKHG5pH;F@.@CBFPM\+T+\+pHT+B £ �±ù £1� Dm;bDFZ1\HR
PMV+G5JF;OpH\]@C\º��^!BATH;�cm;OIHV+BmRU\+TM;�@CB[@CBoPMTH;b=3;���G�DFZ1\HRåPM\HRUBmT+cA\O@d;bR{;+hEs¯é(VH\HRUBFq
NO\HRU>nPÓ;`@CB�\a=?>1g+=3;�KM>bI+N];+wU;]KM\�G�T+>bVHRU\ ‖ · ‖∞ ú G�NO>1RöDARU\MDoKHG�@CB�T+>bVMR{;
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♠ )+*ji5�'-/*b0?2305450?6"7(Y[Z?;o@�cm;]PS;ON];b=�@CB�GyZbBAcm\�DA;·wüw T+BAIM;OV+T+>�q:PM\MR�BmT+cA\H>bT+>?R
ZbBmV+cA\]@C>?RDF\MRUI3KHBA=HNO\+p+=5BnJABm>1RUBANbV+\]@CBmýHw'=5>bTHN±;b=+NOT+>?RöJABm>1RUBANbV+\]@C>1R ú Z1\5PMBANb\DFNOV.h8íO�1��q8íb�1í3h
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RUB�>bV+\O@CBAT+N];OgH\]@CB�TH; TM h

♠ )+*ji5´'-/*b0?2305450?6"7{�(BA=3;[@CB
0→ E1 → E2 → E3 → 0
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F : Rn → Rk JLKM;bNO=5>�IHV+BmDFKH\+=3;OZ?;O^!Bbw'; 0 ^[BmJA>bZ?;�VHBAJAGQKM;bV+TH;yZbVHBoPMT+>?DFN+w
G5ZbBA=�>bVH\]@CBAT+N];blb\3KHTM;1X

♠ )+*j�Ó,.-/*b0?2305450?6"7Uë(cAVH;bp+G5TH;ONO\�cm;OIHV+BmRU\+THG�I+V+>F@CBm=+NO\+Z1T+>bJ!I+V+>?DFNO>1VH; RPn

=5>bV+\HDANOBAðH\�>bZ1;F@"cQ;±PS;bN];O=ºh��(>bV+\MDFNOBmð+\�ã�G?l1\+T+\]@CBmZbG�NOBA>1V+BmRUGn\�í]ÀMh8cQ;±PS;bN];O=
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lb\3KS;OTMXyY:PMJA>1Zb>bV�TH;E>bZ1>�IH\+N];O^!B!PS;o@CB�9<;]PS;ON];b=níbè�TM;��]ÀH�1h{DFNOVH;bT+\ºh89º; r Nb>
@CB�>1Zb>�I+\+N];b^[B�G5RUBQDFT+>�RU>O_�B�PS;�DFB�Zb\5PM\�\+c�9<;]PS;ONO=3;�íbñ�TH;��OÀ1�+h�DANOVH;OTH\�\
PM\HDA=+G1DA\]@CB�\+cm;`^!BAJF;Hh
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NO\�k"ZbV5�5BA^!B�í�TH;��±û]�Hh{DFNOVH;bT+\MuFh
♠ )+*j�5i'-/*b0?2305450?6"7{é(>bJLKHBFPS;ONb\�k.BA>bVHBmRUG��Q�`TH;`À1ñb�Hh{DFNOVH;bT+\ºh
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�b�mÀHhU\W�b�Q�+h�DANOVH;bT+\ºh

♠ )+*j�1�"-/*b0?2305450?6"7��(>bTHDANOV+G5\HDm;ONO\ ~�¤ � KH\+T+BQ;OV+TH>¾THBAcm;bZb\HDATH;åN±;bT+JABmT+NOTH;
ZbBm=+NO>bVMDF=3;�I+>bv(;�TH; S3 wÓNo@Fh�PS;�@CB`DAf(BmVH; S3 IH;bVH;]KMBFKH\+cQ;Ol1\3KHTH;�s¯\HR{;�NOVH\+ZOq
\]@d;]KMT+>WN±;bT+JABmT+NOT+>yVH;1DoKH>A@CBA^!BQuoh²Y[I r NO\O@CBb��PM>b=3;OcQ;ONO\·PS;�TH;�Dmf(BAV+\ S4n+3

I+>1DANO>F@CB�NbV+\yKH\+T+BQ;OV+T+>nT+Bmcm;bZb\HDATH;�N±;bT+JABmT+NOTH;�Z1BA=+NO>1VHDF=3;�I+>bv(;Hh���>1=3;Ocm;bNO\
PS;aTH; S7 I+>1DANO>F@C\jDABoPS;1R°KH\+T+BQ;OV+T+>�T+BAcQ;OZb\MDFT+\ e N];OT+JmBAT+NOTH\ e ZbBA=HNO>bVHDA=+\ e
I+>Ov�;+wHIH;[@CB�\nDmf(BAVH; S7 IH;OVH;OKHBFKM\+cm;blb\3KHTM;+h
��;aKH\÷TH;·VHBm;]KMT+\HR¿I+VH>F@CBA=HNO\+ZbTH\HRìI+VH>1DFNb>bV+\HR{;½st=5>A@C\÷DFG²TH;bNO=+V+\HZbBATH\

DAf(BmVH;bR{;?uUI+>1DANO>F@C\�ZbBA=HNO>bVHDA=5>�I+>Ov(B:=5>F@CB[T+\]@CB[T+\+JªPMB:THGmKS;1Xné(V+\HRUBmNO\HRU>�PS;+w
;O=5>(@CB π : M̃ → M TH;ONO=HV+\+Z1;b^[B�\ X Z1BA=+Nb>bVHDA=?>�IH>Ov(B�TH; M̃ wMDm; π∗X � �m§ �
PM>bl1V+>!PMBQf(\+T+\HDm;OT+>�Z1BA=+Nb>bVHDA=?>�IH>Ov(B:TH; M stcQ; r NO>?X±uohU¼[I+>bV+BFPM\+NO\�NO>�Dm;��+�bh
cm;]PS;ONO=5>?R ú ;b=5>�@CB ω f(>1VHR{;�TM; M wM>1T5PS;�DA; π∗ω § �m©F~E� PM>1lbV+>EPSBmf(\+T+\MDA;OTM;
f(>bVHR{;`TH; M̃ stcQ; r Nb>?X±uoh

♠ )+*j�5�'-/*b0?2305450?6"7�¼�I+>1V+BoPM\HNO\�Dm;`íb�+h�cm;]PS;ONO=5>?RaG�=5>1RUB[DANOBAIHBAT�=5;bVH;O=HNOBAV3q
\ r B e >1RU>1NO>bIHDA=+G�=3KM;1DFGÓh

♠ )+*j�5�'-/*b0?2305450?6"7���;�KH\�IH>1DFNb>F@C\�IHV+BmDFKH\+=3;OZ?;O^!B f : Sn → Sn DFNOBmI+BATH;
(−1)n+1 =5>F@CB!\HR{;`f(\+=3DFT+GEN];Op+=HG3X���;�KH\�I+>1DANO>F@C\�I+V+BmDFKH\+=3;OZ?;O^!B f : Sn →
Sn DFNbBAI+BmTH; (−1)n+1 =5>F@CB�THBmR{;Ef(\+=3DFT+G�N±;bp+=+G+X

♠ )+*j�5�'-/*b0?2305450?6"7���;�KH\�>1Z1;F@(cQ;O=3v�G5pH;O=åZ1;O_E\�cm;�DAZ1;b=?>�IHV+BmDFKH\+=3;OZ?;O^!B
DFNOBmI+BATM;:��st=5>A@CB	RU>O_�B{PS;�lbGmPMB{\���¹!udX	��;ONb\!IHV+\HRUBAV�I+V+BmDFKH\+=3;OZ?;O^(;�DFNOBmI+BATH;
�E=5>F@CB"@CB���¹�h

♠ )+*j�5³'-/*b0?2305450?6"7���;�KH\åDAB�s¯\Mu�>QPÓ;OZ]PSB�RU>O_`B�cm;b=3v�G?pH\+NO\�PS;�TH;�DAf(BmV+\
IH;OVHT+B!PM\HRUBmT+cA\]@CB�THB�I+>1DANO>F@C\nZbBm=+NO>1VHDF=5>`I+>Ov(B�=5>F@CB(T+\]@CB�T+\HJªPMB�T+GQKM;1X

♠ )+*j�5´'-/*b0?2305450?6"7x��;�KH\n>bZb>`Z1;O_�\�cQ;`DAZ1;b=?> h : CPn → CPn X
♠ )+*��+¸'-/*b0?2305450?6"7{é(>b=3;OcQ;ONO\�PS;`>bZb>`NOZ1V?�5Bm^[B(T+B(Z1;O_�\�cQ;�Dmf(BAV+B(T+BmIH;OV+THB
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p ∈ N wS;O=5>(@CB df NOVM;OTHDAZbBAVHcm;]KMT+>�TH; ν∗N X���;`KM\�\+c�>bZ1>bJ(>bI r NOBAJ�DoKHG5pH;F@d;
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